This problem has been treated for quantum fields either by identifying spatial evolution with temporal evolution for an interaction time set by the effective interaction length [1] [2] [3] [4] , or through the use of new quantization methods which require nonconventional commutation relations that are generally inconsistent with the fundamental equal time commutators for interacting fields [5] [6] [7] [8] [9] . In addition, the problem has recently been studied using the positive-P representation and stochastic differential equations [ 10] . In this letter we propose an alternative scheme which employs only standard quantum 
Steady State Propagation Condition
Using the classical wave mixing analysis as our guide, we formulate the quantum theory in terms of the SVEA. The positive frequency electric field operator is written as an envelope field modulating a carrier plane wave of a given polarization _. For systems in which the medium has no transverse dependence over the beam diameter and is longitudinally short compared to the Raleigh range, the theory becomes essentially one dimensional so that,
where A is the beam area, and n(m) is the linear index of refraction.
The effective field theory in the SVEA formally resembles a nonrelativistic many body theory for a complex scalar field R* [ 12] ,
The Hamiltonian (in the Heisenberg picture) can be written as,
_m/d3xW t_ (3b) 
where g0(z) is the standard power gain coupling constant [ 13] 
For steady-state applications there will be exact frequency matching between the carrier frequencies of the various waves which mix through the nonlinear interaction, so that the Hamiltonian in Eq. (5b)
will be independent of time. The steady state (ss) solutions are thus identified with the stationary solutions to Eq. (5b),
139 Henceforth, the labels (E) and (ss) will be omitted. Eq. (6) is the key result of our analysis which we now apply to the parametric amplifier.
Propagation Solution _O Ih_ DPA
It is well known that the output produced during a parametric interaction is a squeezed vacuum state [ 11 ] . In an oscillator configuration one can restrict attention solely to a single mode of the cavity (for a doubly degenerate oscillator).
In the amplifier configuration under consideration here, we must generalize the squeezing operator to take into account the many modes associated with the envelope field. We define a functional squeezing operator,
with z-dependent squeezing parameter _(z) = r(z)ei0(z). One can easily show that the Bogoliubov transformation generalizes to
The squeezed vacuum, --
satisfies the well known eigenvalue equation [15] ,
Using the formalism developed in Section 2, we deduce the steady steady solutions by solving the time independent Schrodinger equation (6). We take as our ansatz for the eigenvector a squeezed vacuum state Eq. (9), i.e.
(Henv +Hint}l{_}> =_,I{_}> .
Our goal is to prove Eq. (11) and thereby obtain differential equations for the spatial squeezing 
Solutions and Interpretation of Propagation Equations
In solving Eqs. (14) 
Fora uniformcrystalwith planewavepump,this yieldstheexpected resultrout= lg0L (for z>L), whereL is thelengthof the crystal. In limit of shortcrystals,Eqs. (14) For crystals containing many gain lengths, we expect strong sensitivity to the phase mismatch since the nonlinear coupling between r and 0 causes rapid oscillations that destroy the magnitude of the squeezing at some value of Ak. To see this we numerically integrate Eq. (14) . In presenting the data, we measure all distances in units of the natural length scale 1/g 0. Fig.(1) shows the magnitude of the squeezing parameter as a function of z for various phase mismatches. 
The unitary operator relating a to b, b = UtaU, is a generalized squeezing operator
where S is the standard squeezing operator and R is the phase rotation operator [11 ] . This unitary operator transforms the vacuum into a squeezed state with squeezing parameter _ = re i°given by,
Figs.
(1) and (2) are now easily understood in terms of limiting cases of (22a). In fact, direct substitution reveals that (22) is indeed the analytic solution to Eq. (14) .
To understand the meaning of this result consider the nature of the interaction more carefully. 
